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Abstract-In the present paper, we define generalized Kantorovitch-type operators, for partic- 
ular values our operators reduce to the well-known Szasz-Kantorovitch operators and Baskakov- 
Kantorovitch operators. We estimate the rate of convergence of the Bezier variant of these generalized 
operators for bounded variation functions. Here we also remark that for a particular value (c = 0) 
the second central moment was not estimated correctly in [l], which leads to the major error in the 
main results of [I]. @ 2004 Elsevier Ltd. All rights reserved. 
Keywords-Rate of convergence, Bounded variation, Total variation, Baskakov-Kantorovitch 
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1. INTRODUCTION 
The Kantorovitch-type operators in the generalized form are defined as 
(1) 
where p+(x) = (-1)” (z”/k!) q$“(x) and 
(i) for c = 1, &(x) = (l+cz)- n/c o , p erators (1) reduce to Baskakov-Kantorovitch operators; 
(ii) for c = 0, q&(2) = eenz, operators (1) reduce to the Szasz-Kantorovitch operators. 
We now introduce the Bezier variant of operators (1) as follows: 
where Qgl(x) = J,4r;(~) - Jz~k+l(x), Q: 2 1: and Jn,k(x) = C,“==l,p,,j(~) be the Baskakov basis 
functions and Szasz basis functions for c = 1 and c = 0: respectively. It is obvious that B,,,(f, r) 
are linear positive operators and B,,,(l, x) = 1. If o = 1, B,,,(f, x) reduces to the opera- 
tor B,(f; z), defined by (1). Some basic properties of the basis function Jn,k(Z)> which are useful 
for our study, are as follows: 
(i) Jn,~(z) - J++I(z) = pn,k(z), k = (41% 2,3,. ; 
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(4 JA,k(x) = v,+,,k--1 (~),Ic=1,2,3 ,...; 
(iii) &k(2) = nJ:pn++-i(u)du, Ic = 1,2,3,. . .; 
(iv) &O(X) > &,I (x) > &Z(X) > . . > &k(x) > &,k+l(x) > . . . . 
J+(X) increases strictly on [0, co) and 0 5 &k(x) < 1, Ic E N. These properties can be obtained 
by direct computation. 
Several researchers have studied some approximation properties for the particular cases of 
operators (1) see, e.g., [2-61, etc. Recently, Zeng [7] and Zeng and Gupta [6] estimated the rate 
of convergence for discrete-type Szasz-Mirakyan-Bezier operators and Baskakov-Bezier operators. 
As the operators B,,,(f, ) 2 are capable of providing rate of approximation for integrable functions 
also, this motivated us to study further and in the present paper, we extend the results of [7,8]. 
Here, we estimate the rate of convergence by the Bezier variant of generalized Kantorovitch 
operators for functions of bounded variation. 
2. AUXILIARY RESULTS 
In order to prove our main theorem, we need the following results. 
LEMMA 1. For each fixed z E (O,co), we have 
B, ((t - x)2,x) = x(1 ; Cx) + A, wherec=Oorc=l. 
PROOF. Using the fact that C~=opn,~(z) = 1, c = 0, c = 1, it can be easily verified by simple 
computation that 
&(eo,x) = 1, 
1 
B,(el,x) =x+n, and B,(e2,x)=x2+ n ++a:) 1 1 
3n2 ’ 
where e, = tr, r = 0, 1,2,. . . By the linearity property of the operators B,, the required result 
follows. 
REMARK 1. Note that for sufficiently large n, there exists a X > 1 such that 
a ((t - x)2,x) < X.X(1 + CX) n ’ 
Further, for each z E [0, co), B,((t - x)~,x) = O(n-l(m+1)/21), n + 00. 
REMARK 2. We may note here that Lemma 3.1 of [l] . is not estimated correctly. In [l], the 
authors obtained the second central moment for Szasz-Kantorovitch operators as 
B, ((t-x)2,x) = ;, 
where A is a positive constant independent of n and x E [0, co). For Szasz-Kantorovitch operators, 
i.e., c = 0, it should be B,((t - x)~,x) = x/n + 1/3n 2. Due to this major mistake, the main 
results of [l] are not obtained correctly. 
Throughout the paper, let 
k=O 
where Xn,k is the characteristic function of the interval [k/n, (k+l)/n] with respect to 1 E [0, co). 
Thus, with this definition it is obvious that 
&,df> x) =s O” f(q&&, t) dt. (4) 0 
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LEMMA 2. Let z E (0) co), then for sufficientI,y large 72, we have 
and 
(5) 
(6) 
PROOF. We first prove equation (5). There holds 
.i oy K,,,(x, t) lit I J’ y K,,,(s, t) (x-t)2 ~ dt 5 (x -y)-2B71,0 ((t - x)2,x) 0 (x - Y12 
5 (Y(x - y)y2B,, ((t - x)“,x) = 
aXx( 1+ cz) 
n(x - y)2 ’ 
o<y<z, 
where we have applied equation (3). The proof of (6) is similar. 
For the case c = 1, Zeng and Gupta [8] e\ lmated the bound for pn,k(x) as follows: .t’ 
P7%k(x)- (n+;-l) (l,;)n+k < $gY 
Recently, Bastien and Rogalski [9] g ave the answer to the author’s problem and obtained the 
optimum bound for I)+(X), c = 1. We mention their result in the form of the following lemma. 
LEMMA 3. For all x > 0 and n, k E N, there holds 
1 
aC1 
QF&:) I QI P, k(x) < 
&qTTLq' c=l, 
. > 
& 
c = 0, 
where in the first case Cl is 1 if n = 1. For n > 2, k = 0, the value of Cl is 2fij3fi. If n >_ 2, 
k 2 1, the value of Cl depends on n and is given by 
n3/2 cn - 1)-l 
(77, + 1/2p+1/2 
For proof of this lemma for different values of c, we refer the reader to [7,8]. 
LEMMA 4. For x E (O,CQ), we have 
I 
3(1 + x) + c1 
lppTL,k(x)-+ -’ c=l, 
k>nx A-TS 
fi’ 
c = 0. 
For proof of the lemma for two different cases, we refer the reader to Lemma 5 in [8] (c = 1) 
and Lemma 2 in [7] (c = 0). 
3. MAIN THEOREM 
THEOREM. Let f be a function of bounded variation on every finite subinterval of [0, co). If a > 1, 
z E (0, oo), T > 1, and X > 1 be given and f(t) = 0(V), t + 00, then for n sufficiently large 
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where 
A(n,x,l) =3(1+x)+2G, A(n,x,O) = d-i- ;, 
and g%(t) = f(t) - f(x-), 0 5 t < x; g,(t) = 0, t = x; gz(t) = f(t) - f(x+), x < t < 00; V,b(g,) 
is the total varja’tion of g, on [a, b]. C1 is as defined in Lemma 3. 
PROOF. Making use of identity for all n, we have 
f(t) = & f (x+) + (1 - &) f (x-) + g%(t) + f(2+)&f(zp) &n,(t) 
+ &z(t) [i(t) - $ f (x’) - (1 - &) f (x-)] ’ 
where 
and 
It follows that 
1, 
sign,(t) = 0, 1 2” -1, - t t =x, > < 2, 
S,(t) = 
{ 
1, x = t, 
0, x # t. 
(B&,x) - & f (x’) - (1 - $) f (x-)1 5 Ihd~~~X)I 
+ f(x+) - f(x-) 
2” 
B,,,(sign(t - x),X) + [f(x) - $ - (1 - &) f (xW)] B~a(~~Tx)i. (8) 
For the operators B,,,, it is obvious that B,,,(S,, X) = 0. 
First, we estimate B,,,(sign(t - x),x). Ch oosing k’ such that x E [P/n, (k’ + 1)/n], then 
k'-1 
B,,, (sign (t - x) ,x) = c (-1) QzL (x) + 
k=O 
= 5 
k=k'+l 
2~Q('&) + ('2' ;') f+')',, 2" dt - 1. 
Note that 
we conclude 
(k'+l)/n 
2a dt < 2”&5(x) 
- ’ ’ 
]Bn,a(sign(t - - x),x)] I 2 2aQeL(x) 1 -I- 2aQ$t(x) 
k=k’+l 
= 2aJ;,k/+l (x) - II+ 2aQ5i, (x). ’ 
Applying the inequality ]ua - b”l 5 (~]a - bl for 0 5 a, b 5 1, and o 2 1 yields 
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Therefore, by Lemmas 3 and 4, we get 
lJ%,,(sign(t 
Next, we estimate B,,,,(g,,., cc). By (4)) we have 
say. 
We start with Ea. For t E [z - xl\/;;. r + CC/&], we have 
and thus, 
k=l 
Next, we estimate El. Setting y = x - CC/& and integrating by parts, we have 
El = JY g,(t) &(Pn,a(?t)) = Sr(L/)Pn.n(~,Y) - JY Pn.o(x,t) 4(.9z(t)). 
0 0 
Since Ig,(y)l < V:(g,), we conclude 
IElI 5 %%aL(X:,Y) + JY /?n.a(Z.t) dt (-V(g,=)) 
0 
Also, y = z - x/1/;;: 5 1, equation (5) of Lemma 2 implies for 71 sufficiently large 
IElI I axx(1 + a) VJgz) + crXz(1 + CX) 
J 
‘y 1 
71(x - y)” ,~ ~ 4 (-v,“(k)) 0 (x - t12 
Integrating by parts the last integral, we obtain 
IW F 
aXx(l + CX) 
n x-2V;(gz) + 2 ;’ z,(“i,;“) 
J 
Replacing the variable y in the last integral by x - x/&, we get 
k=l 
Hence, 
(12) 
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Finally, we estimate I$., we put 
&(t) = gZ(t), if 0 5 t 5 2x and &(t) = g,(2x), if 2x < t < co 
and writing Es = Es1 + E32, where 
s 
03 
E31 = &,m (x:, t)sz (t) dt and E32 = 
SW 
K,a(x,t)[g&) - szP)l dt 
x+x/J;; 2x 
with y = x + x/fi the first integral can be written in the form 
E31 = Rliy &(Y)[l - Pn,ol(x, Y)l + iL(~)[&dXI RI - llf I 
R 
[l - ,&,a (xc, t)l d&(t) . - o. 
Y 
By equation (6) of Lemma 2, we conclude for each X > 1 and n sufficiently large 
aXs(l + cz) 
IE311 5 n 
=$ {B+lz &-#t(I/:(gJ)}. 
Using a similar method as above, we get 
s 2x y 
which implies the estimate 
k=l 
Last, we estimate E32. By assumption, there exists an integer T > 1 such that f(t) = O(t2’), 
t -+ co. Thus, for certain constant M > 0 depending only on f, x, r, we have 
IE321 5 Mne Q!$(x) lrn Xn,k(t)t2’ dt < Mna Fpn,k(x) ly Xn,k(t)t2T dt. 
k=O 2x k=O 
By Lemma 1, we have 
IE321 = a2’MB, ((t - x)~~,x) = 0 (n-‘) , n -+ 0;). 
Finally, collecting the estimates of (8)-(14), we get (7). This completes the proof of the theorem. 
REMARK. For the particular value c = 1, our theorem improves the main result of [lo, Theo- 
rem 11. 
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